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Singular Value Decomposition (SVD)

* Given a (any!) matrix M, which is n x m, it can be represented as
M=Uxv?t

 U: n x n, unitary matrix (orthogonal)

* X: n x m, diagonal matrix of singular values

* V": m x m, unitary matrix (orthogonal)




= U[mxr] 2 [rxr] (V[nxr])T

* m x n matrix (e.g., m documents, n terms)

e m x r matrix (m documents, r concepts)
e X

* rx r diagonal matrix (strength of each ‘concept’)
(r : rank of the matrix A)

e V:

* n xrmatrix (n terms, r concepts)
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Singular Value Decomposition (SVD)

 Columns of U and V are
orthonormal bases

e Singular values are the
“strength” of each singular
vector

M=U-XV*
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c; ... scalar
u; ... vector
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SVD - Properties

It is always possible to decompose a real
matrix Ainto A=UX VT, where

U, 2,V
U, V.

s UTU=1I; VTV =] (I identity matrix)

e (Columns are orthogonal unit vectors)
« X

e Entries ( ) are ,
and sorted in decreasing order (6, > 6, > ... 2 0)

Nice proof of uniqueness: http://www.mpi-inf.mpg.de/~bast/ir-seminar-ws04/lecture2.pdf
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Why randomize SVD?

* Runtime
* We're good at generating [pseudo-]Jrandom numbers

* Can easily parallelize / distribute matrix algebra
« SVD, like PCA, runs O(n3), making anything beyond ~103 infeasible




SVD — Example: Users-to-Movies
Users to Movies

L4

NN A O O o o Casablanca

I © © b & L = I Matrix
— O N WU A G == Alien

O O O W A W = Serenity
|N h & ©O O O O|Ame|ie

“Concepts”
AKA Latent dimensions
AKA Latent factors
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SVD — Example: Users-to-Movies
Users to Movies
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SVD — Example: Users-to-Movies
Users to Movies

SciFi-concept

\ Romance-concept
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SVD — Example: Users-to-Movies

SciFi-concept Romance-concept

1
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SVD — Example: Users-to-Movies

SciFi-concept

1 “strength” of the SciFi-concept

0.13 0.02 -0.01
0.41 0.07 -0.03
0.55 0.09 -0.04
0.68 0.11 -0.05
0.15 -0.59 0.65
0.07 -0.73 -0.67
10.07 -0.29 0.32]
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SVD — Example: Users-to-Movies

Vis “movie-to-concept”
SciFi-concept similarity matrix

_
0.13 0.02
0.41 0.07

0.07 -0.29 0.32} _

| 0.56) 0.59 0.56 0.09 0.09
SciFi-concept 0.12 -0.02 0.12 -0.69 -0.69
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SVD - Interpretation #1

( I’I Iandl

e U: user-to-concept similarity matrix
* V: movie-to-concept similarity matrix

e X: its diagonal elements:
‘strength’ of each concept

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive
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SVD - Interpretation #2

More details

* Q: How exactly is dim. reduction done?
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SVD - Interpretation #2

More details

* Q: How exactly is dim. reduction done?

0.13 0.02 -0.01
0.41 0.07 -0.03
0.55 0.09 -0.04
0.68 0.11 -0.05
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SVD - Interpretation #2

More details

* Q: How exactly is dim. reduction done?

0.13 0.02
0.41 0.07 —
0.55 0.09 124 0
0.68 0.11 UNRE
0.15 -0.59

0.07 -0.73
0.07 -0.29 0.56 0.59 0.56 0.09 0.09

= 0.12 -0.02 0.12 -0.69 -0.69
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SVD - Interpretation #2

More details
* Q: How exactly is dim. reduction done?

e - — 2
0.92 0.95 092 0.01 001 |ABli=VI;(AjBy)
2.91 3.01 2.91 -0.01 -0.01| =°me!
3.90 4.04 3.90 0.01 0.01 .

Frobenius norm:
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— 2
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SVD — Best Low Rank Approx.

Sigma

B is best approximation of A

SigMma

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive
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Relationship to PCA

* SVD can be applied to any matrix; PCA only works on symmetric
covariance matrices

* However, there is a relationship

MM =vtUutusv?t =vEi'y)vt
MM =vuxvivetut =uEshut

* Columns of V are eigenvectors of MM

* Columns of U are eigenvectors of MM’
e Singular values are square roots of eigenvalues of M'"M or MM




SVD: Drawbacks

in terms of Frobenius norm

* A singular vector specifies a linear
combination of all input columns or rows

 Singular vectors are

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive
Datasets, http://www.mmds.org




CUR Decomposition

Make [A-C-U-Rly small

T

C U

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive
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CUR Decomposition

Make [A-C-U-Rly small

U

\

Pseudo-inverse of

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive
Datasets, http://www.mmds.org




CUR: How it Works

Note this is a randomized
algorithm; the same column can be
sampled more than once

Input: matrix A € R"”*" sample size ¢
Output: C,; € R"*€
l.forz=1:n [column distribution]
P(r) = Z;’A@‘-I)Q/ Zi../’ A(i,j)
1:c [sample columns]
Picky €1 :- based on dlStllbUthn P ()

Compute Cd(:. i) = 7)/\/cP(J

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive
Datasets, http://www.mmds.org




Computing U

* Let W be the “intersection” of sampled columns C and rows R
* LetSVDofW=XZYT

* Then:U=W*=YZ*X'
AL Why pseudoinverse works?
= A= X-17-1Y-1
Z+.=1/Z, W =XZYthen W1=X121Y

: p . ” Due to orthonomality
* W*is the “pseudoinverse X-1=XT and Y-1=YT

Since Z is diagonal Z-1= 1/Z;

Thus, if W is nonsingular,
pseudoinverse is the true

> inverse

U=Wt+

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive
Datasets, http://www.mmds.org




CUR: Pros & Cons

¢ Since the basis vectors are actual
columns and rows

¢ Since the basis vectors are actual
columns and rows

e Columns of large norms will be sampled many times

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive
Datasets, http://www.mmds.org

Singular vector




Solution

* Throw them away

 Scale (multiply) the columns/rows by the
square root of the number of duplicates

I - Construct a

small U

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive
Datasets, http://www.mmds.org




SVD vs. CUR

sparse and small

SVD: A=Uz VT
/ \ (]ense

Huge but sparse  Big and

dense but small

CUR: A=CUR
y V]

Huge but sparse  Bjg but sparse

J. Leskovec, A. Rajaraman, J. Ullman: Mining of Massive
Datasets, http://www.mmds.org



Stochastic SVD (SSVD)

* Uses random projections to find close approximation to SVD

 Combination of probabilistic strategies to maximize convergence
likelihood

* Easily scalable to massive linear systems




Basic goal

* Matrix A

* Find a low-rank approximation of A
* Basic dimensionality reduction

1A — QQTA|| < e

Preconditioning




Approximating range of A

* INPUT: A, k, p
« OUTPUT: Q

1. Draw Gaussian n x k test matrix Q
2. Form product Y = AQ

3. Orthogonalize columns of Y =Q




Approximating SVD of A

* INPUT: Q
* OUTPUT: Singular vectors U

1. Form k x n matrix B=Q'A
2. Compute SVD of B = UzVT
3. Compute singular vectors U = QU




Empirical Results

* 1000x1000 matrix

 Several runs of empirical
results (blue) to

theoretical lower bound
(red)

 Error seems to be
systemic




Power |terations

 Affects decay of eigenvalues / singular values

Y = (AAYIAQ




Power |terations

Upshot: after only a single power iteration, the error is
proportional to the next [uncomputed] singular value
(times a constant C).




Empirical Results

Approximation error ey Estimated Eigenvalues \; Approximation error e 10? EStilflatEd ISingulyar Val'ues o)

T

; : : : : Minimal error (es
x“Exact” eigenvalues —%—q=20

o \; forg=3 —5—

o Ajforg=1 =

* /\JI for g =0

Magnitude
Magnitude




Why does this work?

* Three primary reasons:

1. Johnson-Lindenstrauss Lemma
* Low-dimensional embeddings preserve pairwise distances
(1 —e)llu—|* <[ f(w) = F@)I° < (1 +€)llu—v|?

2. Concentration of measure

* Geometric interpretation of classical idea: regular functions of
independent random variables rarely deviate far from their
means

3. Preconditioning

e Condition number: how much change in output is produced —
from change in input (relation to #1) |)\ i ‘
min

* Q matrix lowers condition number while preserving overall
system

| Amax|




summary

 Relationship of SVD and PCA

* PCA: eigenvectors and eigenvalues of the covariance matrix (or kernel matrix, for
Kernel PCA)

e SVD: Low-rank approximation for any matrix

* CUR

* Randomly sample columns of data matrix A to use as basis
* Interpretable and sparse, but potentially oversample high-magnitude columns

e SVD via SGD

* Reframe SVD as a matrix completion problem
e Use SGD in alternating least-squares to infer “missing” components

* SSVD
* Full-blown Johnson-Lindenstrauss exploitation
* Use random projections to approximate SVD to high accuracy
* Requires some empirical tweaks (oversampling, power iterations)
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Large-Scale Matrix Factorization
with Distributed Stochastic Gradient Descent

Rainer Gemulla

talk pilfered from -
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Collaborative Filtering

» Problem

» Set of users
» Set of items (movies, books, jokes, products, stories, ...)
» Feedback (ratings, purchase, click-through, tags, ...)

» Predict additional items a user may like
» Assumption: Similar feedback = Similar taste

» Example

Avatar The Matrix Up

Alice 7 4 2
Bob 3 2 7
Charlie 5 7 3

» Netflix competition: 500k users, 20k movies, 100M movie
ratings, 3M question marks




Recovering latent factors in a matrix

m movies m movies

\

n users
|

vnm

V[i,j] = user i’s rating of movie j




Semantic Factors (Koren et al., 2009)

Geared
toward
females

The Color Purple

Sense and
Sensibility

m

- &

The Princess
Diaries

Serious

1

Amadeus

Braveheart

Ocean's 11

The Lion King

Escapist

Geared
toward
males

Dumb and

Independence| |4 >

Day

o Dumber




Latent Factor Models

» Discover latent factors (r = 1)

Avatar The Matrix Up
(2.24) (1.92) (1.18)
Alice 4 2
(1.98) (3.8) (2.3)
Bob 3 2
(1.21) (2.7) (2.3)
Charlie 5 3
(2.30) (5.2) (2.7)

» Minimum loss

min > (Vi — [WH]y)?

C(ij)eZ




Latent Factor Models

» Discover latent factors (r = 1)

Avatar The Matrix Up
(2.24) (1.92) (1.18)
Alice ? 4 2
(1.98) (4.4) (3.8) (2.3)
Bob 3 2 ?
(1.21) (2.7) (2.3) (1.4)
Charlie 5 ? 3
(2.30) (5.2) (4.4) (2.7)

» Minimum loss

w.rﬂiﬂ,m Z (Vij — p— uj —m; — [WH];)?
(ij)eZ

AW+ IH]F+ [[ul] + [[mi])

» Bias, regularization



Matrix factorization as SGD

require that the loss can be written as

L= ) UVij,Wi,H.)
(2,7)€Z

Algorithm 1 SGD for Matrix Factorization

Require: A training set Z, initial values W and H
while not converged do {step}

Select a training point (%, j) € Z uniformly at random.

Wi, Wi — N g9 1(Vij, Wi, H,;)

H*j — H*j - enN%*jl(Vija Wi*>H*j)

Wi* . W;*
end while why does this work?




Stochastic Gradient Descent

» Find minimum 6* of function L

» Pick a starting point 6y

» Approximate gradient Z’(Ho)




Stochastic Gradient Descent

Find minimum 6* of function L
Pick a starting point 6y
Approximate gradient Z’(Oo)
Jump “approximately” downhill

Stochastic difference equation

Oni1 = 0n — enl'(6,)

Under certain conditions, ‘ :
asymptotically approximates Stepfu,?'(opx, oY)
(continuous) gradient descent




Why does this work?

require that the loss can be written as

L= ) UVij,Wi,H.)
(2,7)€Z

Algorithm 1 SGD for Matrix Factorization

Require: A training set Z, initial values W and H
while not converged do {step}
Select a training point (%, j) € Z uniformly at random.

Wi, Wi — N g9 1(Vij, Wi, H,;)

H*j — H*j - enN%*jl(Vija Wi*>H*j)
Wi, « W, |
end while




Key Claim

require that the loss can be written as

L= Y U(Vij,Wi,H.)
(i,7)€Z

ifi £
otherwise

if 7 # 3
otherwise




Checking the claim

0
S LesWen ) = 3 g LuWo Hos)

where Z;. = {j: (i,5) € Z }

LlJ(WU‘H H*J)

where Z.; = {1i: (i,7) € Z }.

Think for SGD for logistic regression
* LR loss =compareyand y = dot(w,x)
* similar but now update w (user weights) and x (movie weight)




Stochastic Gradient Descent on Netflix Data

o LBFGS
\ SGD
ALS

)
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~
Q
—
-
-
v}
[V
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epoch



